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X. 

1 Introduction 

Dimension-free Harnack inequality has been extensively studied (see [19, 27]). It is first 
introduced by Wang [24] for diffusions on Riemannian manifolds with curvature bounded 
below, then it is considered by Aida and Kawabi [1, 15, 16] for some infinite dimensional 
diffusion processes; Rockner and Wang [21] for generalized Mehler semigroup; Arnaudon 
et al. [3] for diffusions on Riemannian manifolds with curvature unbounded below; Wang 
[28] for stochastic porous media equations; Da Prato et al. [12] for singular stochastic 
equations on Hilbert spaces; and the author et al. [20] for Ornstein-Uhnelbeck processes 
with jumps in infinite dimensional spaces etc.. 

For the applications of Harnack inequalities, we refer to [6, 21, 22, 25, 26] for contrac- 
tivity properties and functional inequalities; [1, 2, 16] for short time heat kernel estimates 
of infinite dimensional diffusions; [12] for regularizing properties; and [4, 13] for heat kernel 
estimates etc.. 
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In [1, 15, 16, 21, 24] etc. Harnack inequalities were proved via gradient estimate. 
In [3] the method of coupling and Giranov transformation ([3]) was introduced. This 
method has been applied in [12, 19, 20, 28] etc.. In this paper, we adopt this method 
to establish Harnack inequality for multivalued stochastic evolution equations which are 
generalization of the single valued and multivalued linear case considered respectively in 
[28]. 

Multivalued equations attracted the interest of many researchers recently. See Kree 
[17], Cepa [8, 9, 10], Bensoussan and Rascanu [5], Cepa and Lepingle [11], and Zhang [31] 
etc. and references therein. We prove Harnack inequalities (see Theorem 4.1) and strong 
Feller property (see Theorem 5.1) of the invariant measure for the transition semigroup 
associated with the multivalued stochastic evolution equations in Banach spaces in the 
framework of [31]. 

As applications of the Harnack inequalities, we prove the invariant measure is fully 
supported on the domain of the underlying multivalued maximal monotone operator; and 
we study the hyperboundedness, ultraboundedness and compactness for the transition 
semigroup. We also get a log-Harnack inequality and an entropy-cost inequality. We refer 
to Theorem 5.2 and Theorem 5.3 for details. 

Zhang [31, Theorem 5.8] has proved finiteness of the second moment of the invariant 
measure of the transition semigroup associated with evolution equations. We obtain 
stronger concentration properties of the invariant measure. See Theorem 3.1. 

The organization of this paper follows. We introduce the multivalued stochastic evo- 
lution equation in Section 2; study the concentration property of the invariant measure 
in Section 3; and prove Harnack inequalities in Section 4; then present the applications 
in Section 5. 

2 Multivalued stochastic evolution equations 

We first recall the definition of multivalued maximal monotone operator. See for instance 
Brezis [7] for more details. 

Denote by 2^ for the set of all subsets of H. Let A: H ^ 2^ be a set-valued operator. 
Define the domain of A by 

D{A) = {x eH: Ax ^ 0}. 
The multivalued operator A is characterized by its graph defined by 

Gi{A) = {{x,y) eHxH:xGH,?/e Ax}. 
Definition 2.1. 1. A multivalued operator A on H is called monotone if 
{xi - yi, X2 - 2/2) > 0, for all (xi, yi), (xa, 2/2) e Gi{A). 

2. A monotone operator A is called maximal monotone if it must be {xi,yi) G Gt{A) 
for any {xi,yi) G H x H satisfying 

{xi - X2, yi - 2/2) > 0, for all (x2, 2/2) e Gt{A). 
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That is, A is maximal monotone if its graph Gt{A) is not contained in the graph of 
any other monotone operator. 

Let V be a separable and reflexive Banach space which is continuously and densely 
embedded in a separable Hilbert space H. Then we have an evolution triplet (V,H, V*) 
satisfying 

V C H = H* C V*, 

where V* is the dual space of V and we identify H with its own dual H*. 

Denote by | ■ |v, | ■ |h, | ■ |v the norms in V, H and V* respectively; by (■, ■)h the inner 
product in H, and v(-, ■)y* the dual relation between V and V*. In particular, if w G V 
and /i G H, then 

y{v, h)Y* = {v, h)M- 

Let A be a multivalued maximal monotone operator on H. We introduce two sets for 
every T > 0: 

1. "^(H): the set of all H- valued functions of finite variation on [0, T]. 

2. ^T- the space of all [u, K] such that u G C{[0,T]; D{A)), K G rr(H) with K(0) = 0, 
and for all x,y E C([0,T],H) satisfying {x(t),y(t)) G Gt{A), the measure 

{u{t) - x(t), dK{t) - y{t) dt)u > 0. 

Let Wt be a cylindrical Wiener process on H with respect to a filtered probability space 
(fi, {^t)t>o, IP)- Let i? be a single valued operator from V to V*; and a an operator 
from R_|_ X r2 X H to H (g) H. Consider the following multivalued stochastic evolution 
equation 

f dXt G -AXt dt + BXt dt + a{t, Xt) dWt, 
[Xo = xe l^A). 

Definition 2.2. A pair of ,^t-o-dapted random processes {Xt,Kt) is called a solution of 
Equation (1) if 

1. ci^), cj)] G for almost all uj G VL; 

2. For some q> I, X{-, u) G /^^([O, T]; V) for almost all u G Vt; 

3. It holds for all t E [0, T] almost surely 

Xt = Xo-Kt+ [ BX,ds+ [ a{s,X,)dWs. 
Jo Jo 

The following theorem on the existence and uniqueness of the equation (1) is due to 
Zhang [31, Theorem 4.6]. 

Theorem 2.3. Assume the following conditions. 
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(HI) e D{Ay, where D{A)° denotes the interior of D{A); 
(H2) B is hemicontinuous: for every x,y, z & V, 

[0, 1] 3 e ^-^ y{x, B{y + ez))Y* is continuous; 

(H3) For every x, y G V, 

Y{x-y,Bx - By)Y' < 0; 
(H4) There exist 7 > 0, u; G R and q> 1 such that for every x,y ^Y, 

Y{x-y,Bx- By)Y- < -l\x - y\^^ + uj\x - yl^; (2) 

(H5) There exists a C > such that for every x G V, 

\Bx\y* < C(l + 
where q is the same as in (2); 

(H6) Let M. he the set of all progressively measurable sets with respect to Assume 
a is M. X ,B(H)/i3(H ® H) measurable and there exists a positive constant C„ such 
that for all {t, u) G R+ x Q and x, ?/ G H, 

\\(r{t,u,x) - a{t,uj,y)\\M(B)ii < C„\x - y\M, 

Then there exists a unique solution to Equation (1) in the sense of Definition 2.2. 

The following proposition will play an important role. See Zhang [31, Proposition 3.3] 
for a proof. 

Proposition 2.4. Let [u, K], [u, K] G £/t- Then the measure 

{u{t) - u{t), dK{t) - dK{t))M > 0, te [0, T]. 

3 Concentration of invariant measures 

Suppose that Conditions (H1)-(H6) hold. By Theorem 2.3, Equation (1) has a unique 
solution Xf. Define 

PJix) = Ep/(Xi) 

for every t G [0,T], / G ^b{D{A)). Let a be deterministic and time independent. Then 
Pt is a Markov semigroup (see [31, Theorem 5.5]). 

Zhang [31, Theorem 5.8] has studied the the existence, uniqueness of the invariant mea- 
sure associated with Pt. He also proved that the invariant measure /i satisfies /i(|x|^) < 00. 
We prove a stronger concentration properties. 
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Theorem 3.1. Assume that (H1)-(H6) hold with q > 2. Let a he deterministic and 
independent of time. Assume further that V is compactly embedded in H. If q = 2, then 
suppose in addition that a is uniformly bounded and Xu < 7, where A is the constant such 
that I ■ |h < A| ■ \y- Then there exist an invariant measure associated with Pt in the sense 
that 

'D{A) JD{A) 



fPtfix) fi{dx) = [_f{x) fi{dx), f e ^b{D{A)). 
Jd(A) Jd(a) 



Moreover, 



/ \x\y fi{dx) < 00. (3) 

JlHAj 

If a is uniformly bounded, then for every q > 2, there exist some 6 > such that 

/ c^I'^Ih n(^dx) < 00. (4) 

Jd{A) 

Proof. (1) The existence of the invariant measures has been proved in [31, Theorem 5.8 
(i)] for the case q > 2. The extension to the case g = 2 is not hard. We skip the proof 
here since the main technique can be found below. 
(2) From (H3) we know for all x G V, 

y{x, Bx)y* < -i\x\y + t^kln + y{x, BO)y*- (5) 

If g = 2, then 

^^\x\li < Xuj\x\y < i\x\y- (6) 
If g > 2, then by Young's inequality, 

uj\x\-^ < Xuj\x\y < —\x\l + , (7) 

hold for every £ > 0, where p' satisfying 1/p' + 2/q= 1. 

Use the estimate (6) and (7) in (5) for g = 2 and g > 2 (by taking e small enough in 
this case) respectively, we know there are constants Ci,7' > such that 

v(x, Bx)y* <Ci- 2i\x\% + v(x, 50)v*. (8) 

By Young's inequality again, we know for any £ > 0, 

v(x,50)v* < \x\y-\BQ\y* < -\x\l + ^\BO\l., (9) 

g peP 

where p = 

Therefore, we deduce from (8) and (9) by taking e small enough to get 

y{x,Bx)y' <C2-i'\x\l (10) 

for some constant C2, 7' > 0. 
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(12) 



Now we fix a ?/ G AO. Let (Xt, Yt) be the solution to the multivalued stochastic 
evolution equation (1). By definition, we have 

{Xt-0,dK{t) -ydt) >0, (11) 

By Ito's formula, using (10) and (11) and Young's inequality again, we obtain 

ld\X,\'^ 

< - v{Xt,BXt)v' dt - {Xt,dKt)Mdt + ^\\a\\li^jidt + {Xt,adWt) 

< (Cs - y l^ilv) dt + \y\M ■ \Xt\M dt + {Xt, adWt) 
<(^C,-^\Xt\l^ dt+{Xt,adWt), 

where C3, C4 > are some constants. 

In the calculation of (12) we also used Young's inequality to get control from \\cr{x) ||hxh < 
Co-(l + I^Ih) if q is strictly greater than 2. If g = 2, we use the assumption that a uniformly 
bounded. 

Therefore, by (12), we get 

^E^\X,\lds < + ^ - E^lXil^) . (13) 



Consequently we have 



1 

/ Ps\-\l{x)ds<-{2Ci + \x 
Jo 7 



Hence we obtain /i(| ■ 1^) < 00. This proves (3). 
(3) For every ^ > 0, by (12) we have 

rfe^l^^lH 

= l^g|X,|^-2e^l^*lH {d\X,\l, + 2eq\a\l,^^\X,\'i,dt+iq~2)\a\'^^^d^ 

<i^g|X,|^-^e^l^*lH (C5 - Vl^tl^ + 2^g|a|^^el^*l?j) dt + dM, 

for some constant C5 > and some local martingale Mt. 
Since | ■ |e < A| ■ \y, for small enough 9, we have 



cie^l^^le < hqW^-' e'\^^\'- (c,-^-\X,\l^ dt + dM,. 



(15) 
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Let us focus at the drift of the right hand of (15). By the fact | ■ |h < A| ■ |v and 
Young's inequahty, 



2--2I--I.IM \ 2' '^ / — 2^ ' 'Jti 2 

<Ce-i"\X,\f~'^ 

for some constant 6*6,7" > 0- 
Now let 

G={iA-,ir">i+^}. 

Note that on G^, both \Xt\'^^''~'^^ and e^l^* Ih are bounded. Therefore 
^C^6-7"|X,|r'))e^l^*l? 



Ih 



=-7" (ix.ir^^-^) e^i-^i^ 

< _ y'e^l^'l« +7"e^l^'lH la. - 7" (^IX^I^-^-^) - e'^l^'ln 1^. 



for some constant C7 > 0. 

Hence from (16) and (17), we can get an estimate of the drift of the right hand side 
of (15). That is, 

de'l-'^'lH < (Cr - 7"e'l^*lH) dt + dMt (18) 
By integrating the inequahty (18) from to n, we get 

/•n 

e^lXnlfi < e^l^olfi ^Crn - 7" / e^l^^ln ds + (19) 

Jo 

Then we take expectation for both side of (19) with respect to P°, we get 

Ee'^l^-'n <i + Cjn- 7" / 5o^se^l-lE ds. (20) 

Jo 

It follows that 

Me^'-I=)<^ + A, r.>l, (21) 
7" n7 

where 

1 r 

IJ'n = - SoPgds, n>l. 
n Jo 

Note that /i is the weak limit of yU„ (refer to the proof of [31, 5.8]), we can deduce from 
(21) to get //(e^l'ln) < 00. This proves (4). □ 



4 Harnack inequalities 

In the following we assume conditions (H1)-(H5) in Theorem 2.3 and instead of (H6) we 
suppose that 

(H6') a: [0, oo) xri^H®Hbea nondegenerate Hilbert-Schmidt operator uniformly 
bounded in time t G [0, oo) and G fi. 

For every x G H, define 

|y|e if a; = aty for some y G H, 
oo, otherwise. 

The distance associated with \-\at is called the intrinsic distance induced by cr^. 

We are going to prove the following Harnack inequality for the semigroup Pt associated 
with the solution process of Equation (1). 

Theorem 4.1. Assume (H1)-(H5) and (H6'). Suppose that there exists some nonnegative 
constant r > q — 4, and some strictly positive continuous function (t on [0, oo) such that 

Ct\x\lt" ■ Ixl^M^"^ < for all x G V, t>0 (22) 



holds on n. Then for every T > 0, a > 1, x,y E D{A) and f G ^f^{D(A)), the following 
inequality holds 

/ fy 2(4+r-9) \ 

{PTfnx)<exp{- e^\x-y\^'^^ ]PTny), (23) 



2(a- 1) 



where 



2(3+r) 



with 



Gt = 4(5"^+^7"— ^ ^—^ (24) 



(25) 



4 + r 

Assume the diffusion coefficient a is independent of (t, u) and the function Q in (22) 
is taken as constant (. Then (23) holds with Qt replaced by 



4+r 



eT = 4:6~^-f~^C~ [uj-^l-e-^"^^)] . (26) 

Proof. The proof is divided into six steps. We outline the main procedure of the proof of 
(23) in the first step and then realize the idea in the next four steps. The simplification 
from (24) to (26) is obtained in the last step. 
(1) Main Idea. 
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Consider the following coupled multivalued stochastic evolution equation 

dXt e -AXt dt + BXt dt + a{t) dWt - Ut dt, (27a) 
dYt e -AYt dt + BYt dt + a{t) dWt (27b) 



with initial conditions Xq = x E D{A), Yq = y E D{A), and the drift Ut in (27a) is of the 
following form 

VtjXt - Yt) 



Xt - Yt 



H 



where the stopping time r in (28) is the coupling time of Xt and Yt defined by 

r = inf{t> 0: Xt = Yt}, 

the power 6 in (28) is a constant in (0, 1) (see (25)) and rjt is a deterministic function on 
[0,oo). Both 6 and rjt in (28) will be specified later such that the following two crucial 
conditions 

Xt = Yt a.s. (29) 
and ^ ^ ^ 

Ep exp !K\^_^t{t<r} dt^ < oo. (30) 

are satisfied. 

Let Nt = J^{a;^Us,dWs). By (30) we know 

Rt = exp(^Nt-^[N]t^ , tE[0,T] 

is a martingale on [Q, ^t, (^t)o<t<T, IP)- Then we can define a new probability measure 
Q on (f2, ^t) by setting Q|^j, = Rt^. By Girsanov's theorem, 



Wt ■.= Wt- [ aJ^Usds 
Jo 



is still a cylindrical Wiener process on {Q,^t, (^t)o<t<T, Q)- Hence Equation (27a) can 
be rewritten in the following way 

dXt E -AXt dt + BXt dt + a{t) dWt 

with initial condition Xq = x. 

By the uniqueness of the solution, the transition law of {Xt)t£[o.T] under Q is the same 
with the transition law of (^i)tG[o,T] under P. So by the fact (29) which will be verified, 
we have 

PTfix) = EQ/(Xr) = E^fiYT) = Epi?/(Fr). (31) 

Note that we also have PTfiy) = Ep/(yr), therefore by applying Holder's inequality to 
(31), we get 

{PTfTix) < (Ep<("-^y-'Prr(y). (32) 
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Then the proof is completed by estimating Epi?^^''" . 

(2) Existence of the solution of the coupled equation (27). 
Note that the function 

u-v 
(u.v) t-^ 



\u — V 



satisfies the monotone condition off the diagonal (see [28, Appendix A]). 

By applying Theorem 2.3 we see the coupled equation (27) has a solution up to the 
coupling time r. So there exists continuous processes (X, K) G s^tat and {Y, K) G £^tat 
such that for all t < t, 

Xt = x-Kt+ [ BXs ds+ [ a{s) dW, - [ ds, (33a) 
Jo Jo Jo 

Yt = y-Kt+ [ BY,ds+ [ ais) dWs. (33b) 
Jo Jo 

On the other hand, it is obvious that the solution of Equation (27b) (or equivalently. 
Equation (33b)) can be extended to be a solution for all time t G [0,T]. Let (Yt,K)t>Q 
solves Equation (27b). Now we get solution of Equation (27a) (or (33a)) by defining 
Xt = Yt, Kt = Kt for all t > r. 

(3) Verify (29). 

Apply Ito's formula (see e.g. [18]) or Zhang [31, Theorem A.l] etc.) to 
and then let e | 0, by using condition (H4) we have for t < r 

d\Xt -Yt\l<- {Xt - Yt, dKt - dKtU dt 

+ (-7|Xi - Yt\% + uo\Xt -Yt\l- r^t\Xt - Yt\^^') dt. 

By Proposition 2.4, for all t < r we have 

d\Xt -Yt\l< (-7|Xt -Yt\% + u\Xt - F^l^ - ilt\Xt - V^Ih ') dt. 

Then 

d(|Xt-Ft|^e--*) <-e~^'{-i\Xt-Yt\l + rn\Xt-Yt\''^') dt. (34) 
Hence by (34) we get 



(35) 



We take 

r/i =^TCte-i"* (36) 

with 



T 



/J"Oe-^-* dt 



10 



It must be T > r and hence Xt = Yt- Otherwise, if T < r, by taking integral from to 
T for both sides of the inequahty (35), we can obtain 

r f-T 

|XT-FT|^e-i-^< / e-i-*r/,dt (37) 



2 







By (36) the right hand side of (37) equals to 0. So we can conclude Xt = Yt from (37). 
But this is contradict with the assumption that T < t. 
(4) Verify (30). 

From (34) and the assumption (22) we can get for alH < r 



< - 57 e"''^* \X, - Y,\f-'^ ■ \X, - Y,\%dt 

< _ 5^^2 -Su^t \±t 



\X - y |2+'--2(5-l)-g 
I t M IH 



(38) 



Let 6 be defined as in (25). Then from (38) we get 



\Xt - Yt 



2+r- 



d{\Xt-nle~-r < -hCh-'-^' ' 'Mlr) dt. (39) 

2 

According to (36), we have Q = ^ e"'''^*. Now by integrating both sides of the inequality 
(39) from to T, we get (note that Xt = Yt) 

5l rvi\xt-Yt\ir 

dt<\x-y\^. 



By Holder's inequality, we have 







',92 \ 2+7 2r / fT \ 2+r 







Note that 



2 A5-^\x-y\f 
dt 



(/o"C.e- 



we obtain 



/!fL-^..,4r^,-^ (ff"""-^. ,-,|„-^. (40, 



T ^2 ^^Sujt ^+\ 2+- 

2{4+r-q) 
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Now it is clear that (30) holds. 
(5) Estimate of ER^^^'^~^\ 

Denote /3 = a/{a — l). Since Rt is a P-martingale, for anyp,g > 1 with q = p/{p — l] 
we have 



=Ep exp (^PNt - ^pP'[N]t^ exp - 1)[N]t 



< 



I]pexp(p(3NT--p'f3^[N]T 



Epexp(^/?g(/?p-l)[iV]r 



1 Vp 



1/9 



E^exp(-f3q{(3p-l)[N]T 



1/9 (41) 



Hence we get (23) by using the estimate (40) and letting p go to 1. 

(6) Suppose that a is independent of (t,u!). And we take (t in (22) as a constant (. 
Then we can simplify 6^ as follows. 



2(3+r) 2_ 

Qj, =4S 2 + '- 7 2 + r 



dt 



do 



-5u)t 



dt 



2(3+r) 2_ l_ r/ N_1/ 

= 45 2 + '- 7 2 + r^ 2 + r (l-G 



-&UjT\~\ 2+r 



4+r 
'2 + r 



□ 



Remark 4.2. VFe re/er to [28, Corollary 1.3] for sufficient conditions for (22). 

Remark 4.3. Consider the following multivalued stochastic differential equation on R*^ 

dXt + AXtdt 3 b{Xt)dt + dWt, Xo = x e D{A), 

where A is a maximal monotone operator on Wi'^ with D{A)° ^ 0, is a Wiener process 
on a filtered probability space (fi, (^f)t>o, P), b: R*^ — > R'^ zs a continuous function 
such that there exists some a; G R 

(x — y, b{x) — b{y)) < uj\x — yp, x,y G R*^. 

Then by [23, Thorem 2.8], the solution Xt exists. For the transition semigroup Pt 
associated with Xt, we have 



(PtfTix) < exp 



auj\x — y\ 



(a - 1)(1 -e- 



■2ujV 



PtFiy)- 



(42) 



for every t > 0, a > 1, x,y E D{A) and f G 't^f^{D{A)). 
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The proof is similar to the proof of Theorem 4-1 except that we choose another simpler 
drift. That is, instead of (27), we consider the following coupled equations 

dXt + AXt dt 3 dWt + h{Xt) dt - it\x - y\ ^~^' Mt<r} dt, (43a) 

\^t — yt\ 

dYt + AYt dt 3 dWt + h{Yt) dt, (43b) 
with initial data Xq = x and Yq = y, where r is the coupling time of Xt and Yt and 



/p e-^"^^ ds 



5 Applications 



Zhang [31, Corollary 5.3] studied Feller property of Pj. We prove strong Feller property 
for Pt under additional conditions. 

Theorem 5.1. Assume (H1)-(H5), (H6' ) and (22) with g < 4 + r. Then the semigroup 
Pt is strongly Feller and the following estimate holds 

1 /n 4+r-g / 1 2(4+r-9) 



\Ptf{x)-Ptf{y)\<\\f\UQ'r\x-y\^^^ . [ -Q,\x - y\^'^^ ] (44) 



for every t > 0, x,y E D(A) and f G ^b{D{A)). Moreover, if the invariant measure 
exist, then for every f in L^{D{A), fi) with p > 1, Ptf is continuous on D{A). 

Proof. The last statement follows directly from the Harnack inequality (23) by applying 
[12, Proposition 4.1]. We only need to show the estimate (44). 

We follow the notation in the proof of Theorem 4.1. By (31), we see 

iPrfix) - PTf{y)\ = lE^fiXr) - E^f{YT)\ = |Epi?T/(Xr) - Ep/(X:r)| 

= Ep|/(XT)(l-i?T)| < ||/||ooEp|1-Pt|. ^ ' 

It is clear 

(Ep|l - RtIY < Ep(l - Rrf = Epi?^ - 1. (46) 

By (41), we know 

/ 2(4+r-9)\ 

Epi?2 <expf0T|x-|/|H'+^ j. (47) 

Using the elementary inequality e^ — 1 < re*", r > 0, we can deduce from (46) and (47) to 
get 

2(4,+r-q) / 2(4+r-g) 

(Ep|l - Rt\) <Qt\x - exp (QtIx - y\j, 

Substitute the estimate above into (45) we can obtain (44). □ 
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Theorem 5.2. Assume (H1)-(H5), (H6'), (22), a is independent of {t,uj) and the in- 
variant measure fi of the semigroup Pt exist. Then 



1. The invariant measure fi is fully supported on D{A). 



2. For every x G D{A), t > 0, the transition density pt{x, ■) (with respect to jj.) exist 
and for every a > 1 



\\Pt{x, ■)\\L<-(p{A),^l) - 



UD{A) 



3. Suppose K < 0. 



(a) If q = 2 and Xu < 7, where A is the constant such that \ ■ \m ^ M ' Iv? then Pt 
is hyperbounded . 

(b) If q > 2, then Pt is ultrabounded. More precisely, there exist some constant 
c > such that 

ll^tlh^oo <exp(c(l + t-^)). (48) 
Consequently, Pt is compact for large t > for both cases. 



Proof. (1) If supp /i 7^ D{A), then there exists some xq G D{A) and r > such that 
n{Brixo)) = 0, where Br{xo) = {y E D{A) : \y - xo\ < r}. 

Applying (23) to the function 1b,.(xo) for a = 2 and t > 0, we have 

/ _ 2(4+r-9) \ 

{PtlB4xo))\x) exp i-et\x - y|e j < PtlB^^oM- (49) 
Hence, by integrating both sides of (49) with respect to fJ^idy), we obtain 

f / _ 2(4+r-g) \ 

{PtlBr{xo)?{x) / exp -Btlx - f^idy) 

Jd{A) \ / 

<^^{PttBr{xo)) = l^iUrixo)) = 0. 

This imphes Pt{xo, Br{xo)) = for all t > 0. Therefore, 

P(|Xi(xo)-Xo|H<r) = 0, t>0, (50) 

where Xt{xo) denotes the solution to (1) with Xo(xo) = xq. 

Since Xt is continuous on H, by letting t — ^ in (50), we have 

P(|Xo(a;o)-Xo|H<r) = 0. 



But obviously this is impossible. So it must be supp /i = D{A). 

(2) We refer to [21] or [28] for the idea of the proof. 

(3) Since K <0, for any t > 0, we know 



K 1 
< —. 
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Therefore, by Theorem 4.1, there exist some constant such that for every x, y G D{A) 
and t > 0, 



(PJ)2(x)exp 



Cs\x - y 



2 + r 

H 



4+r 
f2 + r 



(51) 



where / G L\D{A),fi) with = 1. 



By integrating both sides of (51) with respect to fi{dy) over -Bi(O) = {x E D{A) : |x|e < 



1}, we see for every x G -0(^4) and t > 0, 



exp 



Cs{1 + \x\m) 



2(4,+r-q) 
2 + r 



4+r 



(52) 



(i) If g = 2, then by taking square and integration with respect to fi{dx) for both sides 
of the equation (52), and using Theorem 3.1, we have 



D{A) 



{Ptf)\x)^{dx)< 



/i(fii(0)) Jm 



exp I ^ — I ii[dx) < oo 



4+r 
t2+r 



for t > big enough. This proves ||Pt||2->4 < oo for sufficiently big t > 0. That is, Pt is 
hyperbounded. 

(ii) Assume q > 2. Then the inequahty (15) imphes 



de^l^^lH < (c9-7'"|X,|Ji''-^)e^l^*lH) dt + dM^ 



(53) 



for some constant Cg, 9, 7"' > 0. 

Let g{t) be the solution to the following equation 

dgit) = (c,-Y'0''-^9it)[\oggit)]'-^ 1 dt 



with ^(0) = e'^l^ln. 

By the comparison theorem, we have 

Ee^l^*(^')lH < g{t) < exp (Cg{l + 
for some constant Cg > 0. By inequality (52) we have 



PtfWoo = \\Pt/2Pt/2f\\oo < Cio sup Eexp 



for some constants Cio, Cu > 0. 

By using Young's inequality, we see 



x£D{A) 



C^^ , 34+r-g) 

_t2+r 



(54) 



(55) 



Cio sup E exp 



^\Xt/2ix)\^ ^+ 

t2 + r 



2(4+r-9) 
H 



<e-\X, 



X \q 
t/2m 



e't ~^ 



(56) 
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for arbitrary e > 0. By considering small enough e > 0, it follows from the inequality 
(56) above and (54) and (55) we can obtain (48). This proves that Pt is ultrabounded. 

Since Pt has transition density with respect to we know Pt is compact in L'^{D{A), jj) 
for large t > for these two cases (g = 2 or g > 2) by [14, Lemma 3.1]. □ 

By [29, Section 2], we can get some heat kernel inequalities from Harnack inequality. 
Especially we have the following log-Harnack inequality (57) and an entropy-cost type 
inequality (58). 

Theorem 5.3. Assume (H1)-(H5), (H6' ) and (22) with g < 4 + r. Then 
1. For every T > 0, x,y e D{A), f >1, and f e ^b{D{A)) 

PT(log/)(x) < \ogPTf{y) + \Qt\x - yW^. (57) 



2. For every T > 0, f e ^^{D{A)) such that j2{f) = 1, 

/x(P^/log(P^/)) < inf /_ _\x -y\^ dTT, (58) 

z Tve^i^ijfi) Jd{a) Jd{a) 

where ^{fi,ffi) denotes all the coupling of fi and ffi. 

Proof. Inequality (57) follows as [29, Proposition 2.2]. Integrating both sides of (57) with 
respect to tt G ^(/i, ffi), and minimizing in it, we get 

/.((p;/) logp;/) < /x(iog(p,p;/)) + ^w^i^i, //i)l 

Now we obtain (58) by noting 

Ai(iog(p,p;/)) < log /i(PiP;/) = logi = 

due to the fact that /i is invariant for Pj and Pj*. □ 
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